Double-logarithmic asymptotics of the magnetic form factor of electron and quark 
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The asymptotical behaviour of the magnetic form factor for electron and quark is obtained in 
the double-logarithmic approximation for the Sudakov kinematics, i.e. for the case when the value 
of the transfer momentum is much greater than the mass of the particle 

i. introduction 

"on", 

On . The interaction of electron and quark with the electromagnetic field is described in terms of two independent form 

ON factors / and g: 

r, - uiP2)hJ{q') - ^giq'Mp^) (1) 

r — ' where cr^^ = [jfili^ — 7!^7ai]/2, q = P2 — Pi is the momentum transferred to the electron or the quark, m is the electron 
p^ ] or the quark mass and both the electric form factor / and the magnetic form factor g depend on q^. 

In the Born approximation / = 1 and 5 = 0. One-loop radiative corrections W show that the form factor / depends 
04 ' on the infrared cut-off as well as on the ultraviolet one. In contrast, the form factor g in the one-loop approximation 
^ . is both ultraviolet- and infrared- stable. As the magnetic form factor g contributes to the value of the anomalous 
magnetic momentum, it has been calculated with great accuracy by direct graph-by-graph calculations in the case 
when q^ — 0. The most recent review of such results is given in [g. Meanwhile, the electric form factor / was 
vo ' calculated many years ago in the "opposite" kinematical region of very large transferred momenta : 

a^: ~q^:>rn\ (2) 

ON ■ . 

■~»>^ in the leading logarithmic approximation (LLA), where the most important, double logarithmic contributions to all 

i-^ , orders in the QED coupling a for the electron are taken into account. The sum of such contributions, the double 

II ' logarithmic (DL) asymptotics for the electric form factor of the electron in the kinematical region (||) is 

Oh: 

1^ ■ / = exp 



O 



^ 



X 



^^ln\~qym')\ (3) 



The famous expression (0), obtained by V.V. Sudakov was actually the birth of the approach that is so polular 

at present - the double logarithmic approximation (DLA) - where only the leading contributions ~ (a In (— f?^))" are 

taken into account to all orders of the perturbation series. The generalization of the Sudakov form factor of Eq. (g) 

d I to quarks of QCD obtained in Q amounts to replacing a by agCp in Eq. (||), where Cp — {N'^ ~ l)/2N = 4/3 for 

the colour group S'[/(3). 

The exponential fall in Eq. (0) as —q^ increases corresponds to a suppression of the non-radiative hard scattering 
of an electron by a virtual photon. The amplitude taking into account the bremsstrahlung of n "soft" photons was 
shown in p| to be the product of independent factors : 

U=BiB2...B,J{q^), (4) 

where the bremsstrahlung factors Bi are given by (we drop the QED coupling here) 

P2h piki 

so that k is the polarization vector and ki is the momentum of the i -th emitted photon (i = 1, ..., n). As / in Eq. (0) 
does not depend on ki, and each of Bi does not depend on kj with j y^ i, Eq. (^ leads to the Poisson energy spectrum 
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for the bremsstrahlung photons in the DLA. The violation of the Poisson distribution in QCD for the emission of the 
"soft" gluons in the DLA was obtained in ||] by calculating the Feynman graphs up to order a^. The generalization 
of the form factor / in Eq. (||) to QCD was given in , ||| . 

In the present work we calculate the form factor g for the electron and the quark in the kinematical region (y) in 
the double logarithmic approximation. Then, using results of [p[ we obtain relations between the radiative (inelastic) 
electric and magnetic form factors of electron and quark. Apart from the simplicity and beauty of the expressions we 
obtain for the complete form of Eq. (1) in the kinematical region of Eq. (||), the reason for publication is that those 
expressions may be useful in the future for more precise descriptions of electron/quark scattering. In particular, it can 
be applied to the analysis of electron scattering off so-called magnetic walls, in the distant regions of our Universe, 
which together with related phenomena are at present under discussion. The paper is organized as follows: in Sect. 2 
we calculate the magnetic formfactor of the electron. In Sec. 2 we generalize that result to QCD. Section 3 is devoted 
to concluding remarks. 

II. THE MAGNETIC FORM FACTOR OF THE ELECTRON 

In the lowest, one-loop approximation, the magnetic form factor of the electron was calculated long ago in |l|. The 
only Feynman graph yielding the main contribution to g in the kinematics (0) is shown in Fig. nl The result is |l| 

g^'Hl')-''4-H-e/rn^)- (6) 

In order to obtain the leading-log approximation to higher loop contributions to the magnetic formfactor, we start 
by reproducing this result in a way that will make it easy to generalize. 
The Feynman diagram in Fig. [^ corresponds to the expression 



d^k _ m + p2 — k m + pi — k ^9^'' 

(2^"^^^ [m? - {p2 - kY - le] ^^ \m^ - (pi - kf 






The integral in Eq. (|7|) is both ultraviolet- and infrared- divergent. To obtain a physically meaningful result, we 
must introduce the infrared cut-off and subtract from Eq. (M) its value at g^ = 0. 

As we want to obtain only the leading-log approximation (LLA) to the resulting expression, we may use the approach 
of quasi-real photons with the imposed cut-off /z on their transverse momenta, Q . Choosing the cut-off parameter in 
the region 

- (^ ■> \i^ ■> vr? (8) 

one can completely suppress the effects of electron mass, to ^ 0, to obtain the LLA result as a function of ln(— g^//i^). 
Finally, we can shift /i^ down to rr? to replace \i} by m} in the obtained LLA expression. 

Let us apply this procedure to Eq. (M). In the approach of quasi-real photons, the photon propagator is forced to 
be on-the-mass-shell, 

^ 2^1(5+ (A:^), (9) 



— fc2 — le 
and the quark virtualities are restricted by the largest virtuality in the process: 

2(p2fc) « -g', 2(piA:) « -q^. (10) 

To perform the integrations we decompose the photon momentum in terms of the initial and final quark momenta 
pi and P2: 

k = ap2 + l3pi + k^, fc^ = a/3s + (a^ + /3^)m^ - fc^ (11) 

where s = 2(pip2) — —q^ + 2m^ w — g^ 3> m^- Taking the integration over k± with the help of the (5-function of Eq. 
(^ leads the remaining integral over a, P to have an integrand symmetrical in a and f3. As the cut-off parameter fi 
is intentionally chosen to be in the region (g), we can neglect all terms 0{'rv? / s) in the phase space 

d^k = dadP^cfkj^ (12) 



and in the denominators of the quark propagators. In the case of the electric form factor, we can also neglect the 
photon momentum k in the spinor numerators of the propagators and immediately obtain the DLA result: 



/«=-- 



27r 
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(13) 



To extract the magnetic part of the amplitude (^ we must not neglect the mass m and the photon momentum in 
the numerators and also study the spinor structure of Eq. ([7|) in more detail. Substituting Eq. (|ll|) in the numerators, 
and using the commutation rules and the Dirac equation, we obtain 



2u2[s{l - a)(l - /3)7p + m{pi +P2)p(a - a^ + [3 ~ P^) + 



mq^{l3 



[3^ -a^) + 0{m^ ,mk\/ s)]ui. 



Here the first term corresponds to the electric form factor. The second term, which is proportional to 

mu2{pi +P2)^iUi = mu2<7p,^q''ui + 2m^U2^^ui, 



(14) 



(15) 



determines the magnetic form factor. The third term, which might have been violating the charge conservation, 
vanishes after integration over a, (3 because of symmetry. As k\ « ajSs , we can neglect the terms 0{k\/ s) as well 
as 0{a(3s) because they suppress both logarithmic integrals over a and (3. Therefore for the one-loop contribution to 
the magnetic form factor we obtain 



.(1) 



tte m 



9 = T 



^ dad/3 
a/3 



[a{l ~ a) + 13(1 - I3)]Q 



af3-^ 
s 



(16) 



which reproduces the well-known result (|6|). The large logarithmic contribution to g^^' conies from two distinctly 
separate regions of the phase space in the integral of Eq. (|lq): one corresponds to the "hard"- photon radiated in a 
collinear way to the momentum pi (/3 ^ 1, a <^ 1) and another - coUinearly to the momentum p2 (a '^ 1, P ^ 1). 
The term "hard"- photon radiation implies that, apart from a "soft"- photon radiation, one cannot ignore the recoil 
effect of the quark or photon momentum in the spinor numerators of the quark propagators. When the photon is 
radiated along the momentum pi, it is the integral over the quark virtuality of the line pi, 2(pifc) « as^ yields the log 
contribution, whereas the quark virtuality of the line p2, 2{p2k) k, 13s ^ —9^, is of the largest scale. 

For higher-loop diagrams in the approach of quasi-real photons, the LLA contributions come from graphs with all 
photons emitted from the line pi and absorbed on the line p2. In the case of the electric form factor /, the leading 
DL contributions come from "soft"- photon emission when each photon contributes to both logarithmic integrals over 
a and (3. But for the case of the magnetic form factor g, one of these photons turns out to be "hard" and collinear 
to pi or p2. We argue below that, as soon as other photons are to be "soft", each yielding a DL contribution, their 
contributions to the magnetic form factor turns out to be independent factors, similar to the case of the electric form 
factor, i.e. 



,(") 



/ 



(«-i) 



^(^). 



(17) 



Let us consider the two-loop diagrams with quasi-real photons in Fig. 0. To prove this, we fix the momentum of the 
"hard" photon, fci, to be collinear to pi {(3i ~ 1, ai <^ 1). Then a "soft" photon ^2 can be emitted from the line pi 
either before fci or later, as shown in Figs. 0a,b,c,d however, to provide a DLA contribution, it must be absorbed on 
the line p2 after fci, as shown in Figs. ^,d- Indeed, the absorption part of the amplitude in the sum of two diagrams 
in Figs. 0d,c is 



"2 



7A2 



m+p2- 



'■ — {p2-k2)'^-ie 



7Ai + 7Ai ■ 



-P2~ki 



■-(P2-fcl) 



-7A2 



m+p2-ki-k2 
■-{p2 — ki — k2y—ie 



7a. •■ 



(18) 



The above dots denote the remaining spinor part of the amplitude of photon radiation from the quark line pi. 
Neglecting fc2 in the spinor numerators and the 0{m'^ / s) terms in the denominators, and applying the commutation 
rules and the Dirac equation, this expression in LLA in the region 



a2,ai ^ 1, 



132 « /3i 



1 



(19) 



can be simplified to 



"2 



2P2\2 , 2(P2 - fcl)A2 

-5 — 7Ai + 7Ai 

P2S 



/3is 



TO + P2 - fcl 7Ai7A2 

(/32+/?l)s (/32 + /?i)s 



7m- 



(20) 



Only the first term in Eq. (po|), which corresponds to Fig. gd, provides logarithmic integration over P2 ', the other 
terms, which correspond to Fig. Ep with the "soft" fc2 photon being absorbed before the "hard" ki photon, in can be 
neglected in LLA. Therefore expression (18) in LLA acquires the explicit factorized form: 



2p2A2 \ - TO + ^2 - fcl 

-5 — U27Ai ^ 7a« ■ ■ ■ 

P2S ) Pis 

The emission part of the amplitude in the sum of Figs. @d,b providing the LLA contribution, 
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m+pi-ki-k2 
■-{pi-ki-k2Y-i 



7ri- 



m+pi-k2 



i2-(pi-fc2)^-«e 



7X2 + 7r2 - 



m+pi — ki 



i^ — [pi — kiY — le 



7ri 



Ui , 



in the LLA region ([l9|), turns into 



■7m 



pi - fcl 



ais + (1 — I3i)a2s 



7ri- 



2^1.^2 , 2(pi - fcl) 
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Ul 



(21) 



(22) 



(23) 



where we again neglected fc2 in the spinor numerators, all Oiw? j s) terms in the denominators and other terms leading 
beyond the LLA. As the vector in square brackets is to be multiplied by the polarization vector P2A2 of expression 
(pi|), we can take the polarization vector pir^ out of the brackets. Although the denominators in expression (122 
provide log integrations over ai and 0:2 in two separate regions 



ai < (1 - ;9i)a2, (1 - /3i)a2 <C ai 



(24) 



the common numerator of the sum in square brackets exactly cancels the largest denominator and turns expression 
(p3|) into a factorized amplitude of the independent emission of photons: 



■■7m- 



-pi-ki 



ais 



-Ul 



2P1T2 

a2S 



(25) 



We would like to emphasize that deriving the factorized expressions (|21|), (^5[), we did not neglect to and any 
components of fci in spinor numerators, which are essential for the magnetic structure of the vertex F^. Comparing 
expressions (|2l|)and (psj ) with the one-loop amplitude (0), we conclude that an additional "soft" photon loop does 
not spoil the spinor structure and yields only an additional DL factor as in the case of the electric form factor: 



9 



(2) 



f'^'g^'y 



(26) 



Now we are ready to submit arguments for Eq. (O) in a general case. Consider the emission of n quasi-real photons 
from the line pi and their absorption on the line p2- Let us select one of them, e.g. fci, to be "hard" and coUinear to 
Pi (/3i '^ 1, ai <C 1). This means that the photon fci must be absorbed first, i.e. it is the one closest to the vertex 
7^ on the line p2, as shown in Figs. ||a,b, as its momentum fci introduces the largest possible virtuality for the quark 
line p2'. Pis ^ —(f'- Then the factorization property of absorption amplitude of remaining "soft" photons on the final 
quark line p2, the blob on the line p2 in Figs. pb,b, is evident and well-known. The same is true for the amplitude in 
Fig. I^a where all "soft" photons are emitted from the incoming quark before its "hard" decay and where the recoil 
factor (1 — /?i) does not influence the "soft" radiation in the blob on the line pi. A more careful consideration is 
necessary for the amplitude in Fig. gb, where "soft" photons are allowed to radiate off the quark line pi as before the 
"hard" one, fci, as later. 

We prove the factorization property of the emission amplitude for a general case with n quasi-real photons by 
induction. Let us take for granted that we have already proved the factorization property of the emission amplitude 
in case of {n — 1) photons. Then monemtum kj of the last photon emitted from the line pi in Fig. 0b, which is the one 
closest to the vertex 7^ on the quark line pi, enters only the quark propagator between the vertices 7a and 7^. One 
may consider, for a moment, 7a to play the role of 7^ and use the factorization property of the remaining amplitude 
with [n — 1) photons: 
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(27) 



Again we have neglected here all "soft" ki in the numerators and the 0{m? / s) terms in denominators. Let us apply 
to this expression the commutation rules and Dirac equation, and take into account the fact that the polarization 
vector of the kj photon must be multiplied to the polarization vector P2 of its absorption in the blob on the line p2 
in Fig. yb. Summing over all "soft" photons we get 
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Adding this expression to the evident resulting factor for the graph in Fig. 

'2pir.\ 1 



n 

i=2 



[ai + (1 - Pi){a2 + .. . + a„)]s' 



(29) 



we finally prove that the "soft" photons contribution in DLA is just a scalar factor to the spinor structure of the 
one- loop graph, which is the same for both the electric and magnetic form factors. 

Summing over the number of photons n then leads to the final generalization of the DLA relation Eq. (O) of 
magnetic and electric form factors: 

oo 

9 = f9^^\ / = ^/(")-exp(/W). (30) 

Taking into account the explicit expressions for Z*^^^ and 5'^^^ Eqs. (O) and (0), this relation can be read as 

9 = -2I-/ (31) 



with p = s/i^i^ K. —q^/ni^ (as p? is shifted down to vi^). For Eq. (y) we therefore obtain in DLA the following 
formula: 



or, in a different form, 
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III. THE MAGNETIC FORM FACTOR OF THE QUARK 

The reason for the simplicity of relation (UW between / and g, which we obtained in the previous section, is 
that they differ in only one respect: compared to /, g misses only one logarithmic contribution coming from any of 
the photon propagators attached to the uppermost vertices in Fig. y. Otherwise, they are identical. So, g can be 
regarded as the result of a convolution of the single-logarithmic first-loop contribution with the infinite number of 
double-logarithmic contributions from the other loops. Such a picture is helpful to get a generalization of (|3^) to 
QCD. The main technical difference between calculating the form factor g for electron and for quark is that, in QCD, 
the three-gluon vertices also are essential in the DLA, increasing considerably the number of involved Feynman graphs 
in each order in as. However, they contribute to both / and g, and the result for fq, electric form factor of the quark, 
isi 



fq = exp[- 



asCp 

An 



In' 



(34) 



where Cp = [N^ - l)/2N = 4/3 . 

In other words, the whole effect of replacement of the electromagnetic gauge group [/(I) by SU{3) results in the 
replacement of a in Eq. ( ^l[ ) by asCp {Cp = [N^ ~ 1)/2N — 4/3) as the DL contributions of diagrams with three- 
gluon vertices turn to cancel each other in the total sum of graphs for the amplitude (|]) . For the case of g^ form 



factor this observation was made in two- loop calculation in |1^ . In order to prove the exponentiation of DL radiative 
corrections for the electric and magnetic form factors, fq and gq, one might follow the approach developed in [^ , which 
is based on generalization of the Gribov bremsstrahlung theorem [|l| to QCD, for the case of the electric form factor. 
Repeating that proof here would lead us far beyond the scopes of the present paper. Thus we restrict ourselves just 
with the statement that with all orders in as taken into account, we arrive at the following expression for the vertex 
rjf of the quark in the external electromagnetic field in the kincmatical region (g) of large transfer momenta: 



r(9) ^ 



m op 



exp 



47r 



In p 



(35) 



IV. CONCLUSION 

We have calculated the magnetic form factor of electron and quark in the asymptotical regime where the momentum 
q transferred to the electron or the quark is much greater than their mass. Eqs. (|32| ) and (jSg) that we have obtained 
predict an exponential fall for the magnetic form factors when q^ increases. This corresponds to the suppression 
of non-radiative scattering, without photon bremsstrahlung, at high energies. When the photon bremsstrahlung is 
taken into account in the DLA, in the expressions for such radiative (inelastic) form factors Ens. (p3) and ( pq ) are 
multiplied by the bremsstrahlung factors Bi defined in Eq. (|^). All the form factors in Eqs. (|3^ ) and (^5|) do not 
depend on the features of the emitted photons. It means that taking into account the magnetic formfactor does not 
violate the Poisson energy spectrum for the photon bremsstrahlung in the double logarithmic approximation. On the 
contrary, the inelastic electric form factor that accounts for the gluon bremsstrahlung depends, in the DLA, both on 
the emitted gluon momenta and on the structure of each of the gluon cascades QJ^ . This makes possible to obtain 
the simple expressions for the inelastic formfactor in QCD only separately for every kinematical region fixed by a 
certain ordering of the emission energies and angles H. Still, in the DLA, even with that complication, the relation 
( pi| ) holds also for the inelastic electric and magnetic formfactors. 
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FIG. 1. One-loop diagram for F^ 
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FIG. 2. Two-loop diagrams for F^ in DLA. 
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FIG. 3. General graph for of F^ in DLA. 



